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Abstract 
The problem of pumps connected in parallel can be easily solved by means of graphical method, but it becomes very time 
consuming when dealing with multiple scenarios. An analytical approach offers the possibility of implementing a software 
program that can significantly reduce this time and also adds further features. The mathematical algorithm used is dealing with 
a non-linear equitation system and with polynomial fitting functions.. Since the presented algorithm  assume that every physical 
measure is expressed in SI units, then the unitless values of flow rates are at least 10-3 magnitude order compared to other 
values (pump head for example). This in turn leads to very poor fitting polynomials and the end results are far from the truth. 
The key for solving this particular issue resides in constructing the inverse functions of H(Q) and at the same time the inverse 
for the system characteristic. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the CCWI2013 Committee. 
Keywords: pumping stations; inverse functions; analytical solver; system of equations   
1. Introductions 
Traditionally, the problems involved with pumps in hydraulic systems are solved graphically. This approach has 
the advantage of offering a visual understanding for the behavior of the particular pump in a particular hydraulic 
system. On the other side, when it comes for multiple scenarios or advanced analysis, the amount of calculations 
that have to be undertaken will prove to be quite high, thus resulting in much more time spend on calculations than 
on solving the problem. 
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If one wants to minimize the time spent on calculations, then implementing a computer algorithm usually 
represents the way to go. In this paper there will be some discussions about what an algorithm actually represents 
for this particular topic. 
Since the calculations involved in the process will need at some point to solve a non-linear system of equations 
and the constructions of inverses of quadratic functions, it is advisable to make use of dedicated scientific 
programming environments that can provide a great number of mathematical subroutines. 
The general idea for solving these types of problems is to actually solve a system of two important equations: 
the system characteristic and the pump characteristic. However, a few assumptions are made: 
• The pumps are always functioning in normal conditions 
• All values are to be in SI units 
 
 
Nomenclature 
M hydraulic resistance module [s2/m5]  
Hs  static system head [m] 
 
2. Pump duty point – laying down the basics 
When dealing with pumps related problems, it is always necessary to analyze the hydraulic system in which the 
pumps are installed.  As it will be explained later, each pump behave differently when the hydraulic system 
changes. Basically all is reduced into solving a system composed of two equations: one for the pump and the other 
for the hydraulic system. 
The equation that characterizes the hydraulic system is directly derived from the energy law. In other words, the 
energy entering the system is equal to the energy exiting the system plus the energy losses. A more convenient way 
to express this equation is by combining the terms that express the system energies and writing the energy losses as 
flow rate dependant. The equations then can be expressed in a simpler way: 
02 =+MQHS    (1) 
It is expected that in a gravitational hydraulic system the static head Hs will always be negative (otherwise the 
system will not function), while in hydraulic system with pumps installed this value will usually be positive 
(although there some exceptions). The function attached to eq.(1) is called the system characteristic and it basically 
represents a simple second degree polynomial function identified as Hinst(q), where q is the variable of the 
function. The hydraulic correspondent of this variable is the flow rate. As for every function we have to provide a 
domain and a range. 
[ ] [ ] 2)(,...: qMHqHHH SinstSinst ⋅+=∞+→ℜ+   (2) 
 Note that the variable q is considered to be always positive because the flow direction is already established 
and considered positive in a pumping system. In this case the graphical representation of the function Hinst(q) will 
be a half-parabola on the positive side of the ordinate with a down-oriented vertex. 
 
 When analyzing the pump, we always look at the pump characteristic curve. This information is presented by 
the pump manufacturers in graphic format (sometimes also in table format), so the first step is to convert it to a 
manageable mathematical output. So the second function analyzed is the fitting function used to approximate the 
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pump curve, denominated as H(q), where q is the variable of the function. Experience showed that very good 
results have been obtained when the pump curve is approximated with a second degree polynomial, although there 
are several other ways to achieve this, as pointed out by Boulos et al. (2006). This paper will not focus on various 
algorithms that already exist and proved to be both efficient and effective, but instead will presume that pump 
curve has been approximated accordingly. 
[ ] [ ] cqbqaqHH +⋅+⋅=ℜ→ℜ ++ 2)(,:   (3) 
In this case both the domain and the range of this function are positive, due to the fact that we considered the 
pumps working in nominal conditions. The constants a, b and c are the polynomial coefficients determined with 
the chosen fitting algorithm.  
From a practical point, it is recommended to rewrite these functions using a method called completing the 
square, which is to convert a second degree equation from the canonical form to an expression that takes into 
account the vertex coordinates (l and k as appear in eq.(4)): 
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From (3) and (4), we can rewrite the function that defines the pump characteristic curve as follows: 
[ ] [ ] klqaqHlH +−⋅=∞+→ℜ+ 2)()(,...:   (5) 
 Last step in finding the actual duty point is to solve either a system of eq.(2) and eq.(3), or a system of eq.(2) 
and eq.(5). The system’s unknowns are actually the flow rate and the pumping head of the pump. By substituting 
both H(q) and Hinst(q) with h, the system of equations is the following: 
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 The values of q and h represent the flow rate and pumping head of the pump’s duty point. Being a system of 
non-linear equations, it is expected to find more than one solution. The only correct solution will be that where 
both values are inside the imposed range, which are [Hs...k] for h and [0…q1] for q (where q1 is the positive 
solution for the pump curve equation) If none of the given solutions satisfies this constraint, then it is to be 
concluded that the pump doesn’t work in nominal conditions. 
Since both equations are actually quadratic equations, further simplifications can be made for the solving 
process. Instead of a system of eq.(6), one can rewrite a new quadratic equation by subtracting the two component 
equations as follows: 
0)()( 2 =−+⋅+⋅− HscqbqMa    (7) 
Solving eq.(7) and retaining only the positive root (or the root that fits in the specified interval), will yield the 
value q of the flow rate. In order to obtain the value of the pumping head h, one have to simply evaluate one of the 
eq.(6) for q.  
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3. Solving algorithm for pumping stations 
A pumping station consists of two or more pumps connected either in series or in parallel connection. Although 
series connection is rarely used nowadays, the methodology can be applied to multi-stage pumps, when one only 
knows the characteristic curve for on stage. In case of parallel connection, the problem becomes much more 
difficult to solve because it implies a parallel sum of the pumps curves. Many hydraulic textbooks cover this type 
of applications as indicated by Boulos et al. (2006), Anton (2013), Georgescu et al. (2007) and Perju (2009). 
The only function that has to be redefined in both cases is the pumping station curve, as the system 
characteristic basically retains the same form. 
3.1. Series connection 
Algebraically, the pumping station curve for series connection is in fact the sum of all the pumps curves that 
take the form of eq.(3) or eq.(5). Let’s consider the case of n pumps connected in series and define the pumping 
station curve as follows: 
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It is recommended to compute separately the sum of coefficients in order to rewrite eq.(8) in the completing the 
square form. Thus, replacing the sums in eq.(8) with the computed values (denominated with an S indices), a more 
manageable form of eq.(8) can be obtained: 
[ ] [ ] SSS klqaqHH +−⋅=ℜ→ℜ ++ )()(,:   (9) 
 Solving the system of eq.(6) would yield the values q and h of the pumping station’s duty point. Again, o 
correct solution will have the pumping head in the range of [Hs…kS]  and the flow rate in the range of [0…q1].  
Further analysis can be made by comparing the flow rate q with the positive roots of all the pumps curves 
equations in order to determine if one or more pumps are not working in normal conditions. 
In order to determine the duty point for each pump individually, one have to make the remark that the pumping 
station flow rate must be equal to the flow rate delivered by each pump. Taking this into account , the pump head 
for each individual pump can be calculated by simply evaluating the pump curve for the flow rate q: 
niqHh ii ..1),( ==    (10) 
 Figure 1 illustrates the results in MathCad, with an example of two pumps connected in series. The algorithm 
used had a straightforward implementation, but some settings had to be made for the graphical representation.  
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Fig. 1. Pumping station with two pumps connected in series 
3.2. Parallel connection 
Most pumping stations today in the water distribution sector have pumps connected in parallel. Although the 
methodology for solving such situations may seems similar in complexity with the case of series connection, 
parallel connection can prove more difficult to solve. 
One particular case that will be addressed in this paper is when the energy losses (usually minor losses) from 
pump’s branches cannot be neglected. This in turn will introduce the use of modified pump curves. Some 
observations are to be made before solving this problem: the pump heads for each individual pump are not the 
same anymore and one must be careful to ignore the energy losses of pumps’ branches when building the system 
characteristic. 
Figure 2 illustrates this situations with two pumps connected in parallel.  
 
 
 
 
 
 
 
 
Fig. 2. Behavior of two pumps connected in parallel. Observe that the parallel curve is constructed from the modified curves. 
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Although the construction rule for parallel pumps curve is quite easy (that is adding the flow rate for the same 
values of the pump heads), it proves difficult to apply when fitting functions for the pump curves are defined 
related to the flow rate. If we have to mimic the traditional workflow for solving this problem, we have to establish 
a sufficient number of points to create the parallel curve and then solving a quadratic equation for each point. This 
approach can have substantial drawbacks in terms of speed, so it is advisable to look for some alternative solutions. 
The proposed method involves inverses of both Hinst(q) and H(q) (Aldea (2012)). Since both functions are known 
to be second degree polynomials, determining their inverses implies a straightforward algorithm. It should be noted 
that the inverses will have the variable h corresponding to the system head, while the result will be a flow rate. 
Creating the inverse of a quadratic function implies that one have to solve the attached equations and retain only 
the positive solutions. This is where the completing the square form comes in handy. 
First, we build the inverse of Hinst(q) function from eq.(2), but converting it first to the completing the square 
form. The attached equations and its solutions are presented below: 
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We retain only the positive solution for this equation, so we can write down the inverse of Hinst(q) as follows: 
][]...[:;)()(1 +
− ℜ→∞+−== SinstSinstinst HHM
HhhHqH   (12) 
Note that the values of range and domain for eq.(12) must ensure that this formula indeed represents a function. 
For the pump curve it is advisable to use the eq.(4) and eq.(5) as is much easier to implement into a computer 
algorithm.  In this case we will retain only the positive solution. Because of the shape of the pump curve, we can 
conclude that coefficient a is negative, so the inverse of the pump curve is written as follows: 
][]...0[:;)()(1 +
− ℜ→−+== kH
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The modified curve will take into account also the energy losses of each pump branch. Since the general case 
will assume that every pump branch is different from another, let Mi be the hydraulic resistance module for each 
pump branch. The modified curves are calculated by subtracting the friction losses on the corresponding branch 
from the original pump curve. Eq.(3) will be written in the following form (i denominates each pump) : 
iiiii klqMaqH +−⋅−= 2)()()('    (14) 
 Having created the inverse functions for the modified curves, the parallel curve is calculated as follows: 
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Solving the system of eq.(6) will again yield the pump head and the flow rate for the parallel arrangement. For 
calculating the duty points for the individual pumps, the flow rates and the pump heads had to be determined 
separately. 
Flow rates are calculated using the general formula, making use of the modified curves: 
)(' hHq ii =    (16) 
Pump heads are calculated using the corresponding flow rates and the original pump curves functions (not the 
inverse functions): 
)( ii qHh =    (17) 
 
Fig. 3. Parallel connection for two pumps with modified curves. Left : plot of inverse functions; right: inverse plot of inverse functions. 
4. Customizations 
According to Boulos et al. (2006), there are simpler quadratic functions that can approximate the pump curves 
(which in fact are a particular case of power functions), in the form of: 
 [ ] [ ] cqaqHH +⋅=ℜ→ℜ ++ 2)(,:    (18) 
In this particular case, the algorithm will not use anymore the variables l and k, since l = 0 and k=c. Consequently, 
all the equations will be simplified accordingly. 
Regarding the variable speed pumps, one must note that the methodology is the same, because it is basically the 
same situation where one of the pumps is being replaced. Also, using the affinity laws, the whole process from 
curve fitting to the end results of pumping head h and flow rate q can be reproduced again. 
 
 
 
74   A. Anton and A. Aldea /  Procedia Engineering  70 ( 2014 )  67 – 74 
5. Conclusions and remarks 
Usually programming language for engineers (i.e MathCAD, Matlab, LabVIEW) provide extensive subroutines 
for both advanced fitting functions and powerful solvers for systems of equations. 
This paper focuses on the possible customizations options offered by these subroutines. For example, by delimiting 
the intervals in which the algorithm will look for a solution we gain a significant amount of time. Furthermore, we 
can say that if a solution to the equations system exists, then it has to be in the given intervals. 
The implementation of this algorithm depends heavily of the programming language and of the chosen 
development environment, but basically calls for a straightforward implementation. 
One problem that may occur in programming is the important difference in the order of magnitude between h and q 
(typically between 103…104). This may cause significant errors if crude approximations are made. An empirical 
workaround for this issue is to work with at least 6 to 9 decimal points for coefficients a, b and c (thus 
consequently all other derived number will have the same number of decimal points). 
The presented algorithm calls for straightforward implementation, with different degrees of complexity, 
depending on the actual application. For a pragmatic stand point of view, the following approach is recommended: 
• Using existing fitting functions for creating the quadratic equation of pumps curves (many affordable / free 
application software offer this feature) and only retaining the resulted coefficients for the program’s code. 
• Coding the subroutines for creating the inverse of quadratic functions, the parallel curve and system 
characteristic (direct implementation of the algorithm) 
• Using existing solvers for the eq.(6) (in case of advanced dedicated programming languages) or simply 
implement a subroutine strictly for this purpose (eq.(7) might be of use) 
Because the algorithm uses extensively mathematical functions, there is no need for table-like data to be stored 
in computer / PLC memory in order to define the pump curves. 
As far as limitations go, the idea of using inverse functions proved to be correct, but one should note that for 
fitting functions of different nature, creating the inverse could be quite a delicate task. 
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